Introduction
Parallel manipulators have many advantages over serial manipulators in terms of high pay-load/weight ratio, velocity, stiffness, accuracy, and low inertia. Their major drawback is their limited range of motion-workspace. In addition, numerous kinematic chains result in complex kinematic singularities inside the workspace where the manipulator loses its stiffness and is not capable of generating instantaneous work in one or more twist directions.
Numerous parallel manipulator structures have been proposed. Some are designed for a specific task ͓1͔, others are designed for a specific workspace ͓2͔, and others are just smart mechanical architectures ͓3,4͔. A catalog of a large variety of parallel configurations can be found in the book by Merlet ͓3͔ and on his Internet website ͓4͔.
When observing the different designs, one can see that each structure has its own advantages and disadvantages; most of them, however, share one shortcoming-the workspace of the manipulators is relatively small, usually smaller than the size of the manipulator itself. For each structure, it is possible to maximize the manipulator workspace by changing its link dimensions and parameters ͓5,6͔, but the workspace is still limited by mechanical constraints. Mobile legs also enlarge the workspace of the robot ͓7͔, but the base plate grows as well.
Determining the workspace of parallel mechanisms is an important issue, one which has been addressed by several research studies. In general, the solutions of parallel mechanism kinematics lead to complex equations and, therefore, explicitly determining a parallel robot's workspace is a challenging issue. Procedures for workspace evaluation of parallel manipulators have been formulated by determining extreme paths ͓8͔, computing conditions occurring at the workspace boundaries ͓9,10͔, or numerical computations ͓9,11͔.
The current investigation presents a new configuration for a parallel manipulator, where three links are mounted on three sliders, capable of sliding independently on a circular rail ͑Fig. 1͒. For this concept, we were inspired by other circular sliders robots, such as Eclipse ͓11͔ and Alizade ͓12͔, where the prismatic links of the Alizade structure are changed by two interconnected joints ͓13͔.
We chose the configuration of the joints in each limb to be composed of two successive revolute joints followed by a spherical joint. This configuration, as will be shown later, results in a mechanism that has a large workspace, larger than the robot itself.
Another revolute-revolute-revolute-spherical ͑RRRS͒ manipulator has already been presented in Ref. ͓14͔ , where the axes are oriented differently than in the proposed structure. The legs are also fixed to the basis, thereby resulting in a limited workspace.
In the next sections, we will examine the proposed mechanism for its mobility and singularity using screw theory and line geometry.
Kinematic Architecture of the Mechanism
The kinematic structures of the mechanism consist of three identical kinematic chains connecting the base and the moving platform. The kinematic chains are described by the abbreviation of the joint types, starting from the base platform and ending at the moving platform. Each chain contains a lower link mounted on a slider capable of moving independently on a circular rail around the base center at radius R b ͑see Figs. 1 and 2͒. The slider is connected to the moving platform by two successive links connected by a revolute joint. The upper link is connected to the moving platform by a spherical joint ͑Fig. 2͒. This kinematic structure is denoted as 3RRRS. The axes of both revolute joints on the slider and the one connecting the two links are parallel to each other and tangent to the circular rail ͑to R b ͒. Consequently, each limb motion is planar, and these planes are directed toward the center of the circle, eliminating the links' collision. If the lengths of the links are designed to be equal, then the robot can be folded into a plane ͑Fig. 3͒.
The actuated joints in a limb are the two lower joints of the chain ͑Fig. 3͒. One actuator is a prismatic actuator sliding along the circular guide, and the other actuates the lower revolute joint in each limb, i.e., the one on the slider. Note that since the prismatic motion of each slider is along a circular rail, it can be viewed as a virtual revolute joint located at the center of the ring normal to the ring plane. The position of the slider is therefore defined by an angle i about the virtual revolute joint ͑Fig. 2͒. The actuator connected to the revolute joint controls the angle i between the first link and the base plate ͑see Fig. 2͒ . This configuration results in a low inertia of the moving parts of the manipulator. To prevent joints colliding at the ring center, the radius of the base ring limits the lengths of the lower links in each limb. Since the limb planes are always directed to the center of the circle, collision between the limbs is eliminated.
Kinematics Solution of the Mechanism
Mechanism kinematics deals with the study of the mechanism's motion as determined and constrained by the geometry of its limbs. The study of mechanism kinematics is divided into inverse kinematics and forward kinematics. The inverse kinematics solution maps a known position ͑location and orientation͒ of a moving platform to a set of input joint variables that result in the desired position. The forward kinematics solution maps a known set of input variables to a set of positions of the mechanism's end effector, i.e., a moving platform. As the number of closed kinematics chains in the mechanism increases, the solution of the forward kinematics mapping becomes more complex.
In this section, we describe the inverse and forward kinematics solutions of our new parallel mechanism. The kinematic models of the manipulator are depicted in Fig. 2 . A fixed reference system, R : O − xyz, is located at the base platform, with O defined as the ring center. The top frame RЈ : OЈ − xЈyЈzЈ is located at the center of the moving platform. The vertices of the moving platform are denoted as platform joints P i , the slider positions are denoted as C i , and the two links are connected at B i ͑i=1,2,3͒ by revolute joints. All three limbs connecting the sliders and the platform joint P i have identical kinematic chains. The kinematic chain includes revolute joint B i and spherical joint P i , as described in Fig. 2 .
Inverse Kinematics.
For the inverse kinematics solution, the location and orientation of the moving platform are known; therefore, the coordinates of the equilateral triangle of the moving plate, which are the position of the plate joints in the fixed reference system, are known-P i . Since the links of the RRRS manipulator are always aligned with the radial direction of the ring, the solution of i is straightforward and is given by i = a tan 2͑P ix ,P iy ͒ ͑ 1͒
The second angle i is found from the P i C i B i triangle plane ͑Fig. 2͒. The point B i is given by
where l 1 ͑and l 2 ͒ is the given length of the links and C i can be calculated given I ͑Eq. ͑1͒͒. We can also write that By solving Eqs. ͑2͒ and ͑3͒ simultaneously, we can obtain i . Two solutions are possible-"elbow up" ͑limb-inside the ring͒ and "elbow down" ͑limb-outside the ring͒ with respect to the line connecting P i C i . We chose the limb-inside solution for a compact closed shape of the manipulator.
Direct Kinematics.
The closed form solution of the eight solutions of the direct kinematics is described in Ref. ͓13͔. 
Mobility of the Mechanism
We use the Chebychev-Grübler-Kutzbach-Hochman criterion to determine the mobility M of a mechanism. Given that all joints are free to move ͑including the actuated ones͒, M = ⌺f i − 6 ϫ ͑p − m + 1͒ = 9 ϫ 1 + 3 ϫ 3 − 6 ϫ ͑12 − 11 + 1͒ = 9 + 9 − 6 ϫ 2 = 6 where m is the total number of elements, p is the total number of joints, and f i is the degree of mobility of the i th joint. This means that the mechanism has six degrees of freedom ͑6DOF͒.
The same M is now calculated, given that the two actuated joints in each limb are locked, maintaining given angles I and i M = ⌺f i − 6 ϫ ͑p − m + 1͒ = 3 ϫ 1 + 3 ϫ 3 − 6 ϫ ͑6 − 5 + 1͒ = 3 + 9 − 6 ϫ 2 = 0
This means that when all actuators are active, maintaining a given set of I and i , the mechanism mobility is 0, i.e., acts like a rigid body as expected.
Jacobian Matrix of the Mechanism
To obtain the 6 ϫ 6 matrix that maps the external wrench applied at the moving platform to the joints forces and moments and at the same time maps the moving platform twist to the active joint velocity, we use the screw theory approach ͓15,16͔. The kinematic structure of a single limb of our mechanism is shown in Fig. 4 ͑all three limbs are identical͒:
The instantaneous twist of the moving platform $ p can be expressed as a linear combination of T i instantaneous twists, where T i donates the connectivity of limb i,
where j,i denotes the intensity and $ j,i represents a unite screw associated with the jth joint of the ith limb. The screw system spanned by each limb of the manipulator is a six-system; however, in our case, only two screws of the six are actuated and the rest are not. Therefore, there is a two-system of screws per limb, which are reciprocal to all the unactuated screws within a limb. Taking the orthogonal product of both sides of Eq. ͑4͒ with the two reciprocal screws will eliminate the unactuated screws from Eq. ͑4͒ since they do not generate any virtual work to the moving platform; i.e., their reciprocal product with the rest of the screws is zero. In our case, all limbs have similar kinematic structures, the two actuated joints are the linear translation joint along the Ŝ 1,i direction and the rotational joint about an axis along the Ŝ 2,i direction, for i=1,2,3. We will denote a unite screw along the Ŝ j,i direction by $ j,i . A screw that is reciprocal to all screws in each limb but $ 1,i ͑the linear actuator͒ is a wrench that will be denoted by $ r1,i ͓15,16͔. For our structure, observing Fig. 4 , this reciprocal screw is a screw intersecting the center of the upper spherical joint and is in the direction denoted as Ŝ 6,i . This screw intersects $ 4,i , $ 5,i , and $ 6,i at the center of the upper spherical joint and is parallel to $ 3,i and $ 2,i , intersecting them at infinity. Consequently, the reciprocal product between $ r1,i and each of the screws in a limb but $ 1,i is zero; i.e., no virtual work is generated by the wrench $ r1,i to the twists but $ 1,i . Note that $ 1,i represents a linear translation and has the form of $ 1,i = ͓0 1,3 , Ŝ 1 ͔; therefore, its reciprocal product with $ r1,i is not zero ͑as needed by definition͒.
We are now required to identify a second reciprocal screw, this time reciprocal to all screws but the second actuated revolute joint $ 2,i . Let us denote this screw as $ r2,i . Again, observing Fig. 4 , one can see that this screw should pass through the center of the upper spherical joint in the direction denoted as Ŝ 4,i . This screw intersects $ 4,i , $ 5,i , and $ 6,i at the center of the upper spherical joint and intersects $ 3,i . Finally, this screw is perpendicular to $ 1,i , and, therefore, its reciprocal product with the latter is zero. Note that $ r2,i does not intersect $ 2,i and their reciprocal product is not zero ͑as needed by definition͒. Multiplying both sides of Eq. ͑4͒ by $ r1,i and $ r2,i will eliminate all unactuated screws from the equation. Writing the modified Eq. ͑4͒ ͑i.e., after multiplying both sides by $ r1,i and $ r2,i ͒ in the matrix form results in the Jacobian matrix of the manipulator that is given by ͑for more technical information regarding the process, see Ref.
where R i denotes the homogeneous transformation matrix associating the moving platform coordinate system with the base platform coordinate system. The rows of the matrix describe the six governing lines of the manipulator. Note that all rows represent zero pitch wrenches, i.e., pure forces that are generated by the kinematic structure of the robot to its moving platform. The same Jacobian matrix can be obtained by writing the static equilibrium equations with respect to the moving platform ͓17͔,
represents the summation of forces acting on the moving platform, and Eq. ͑7͒ represents the summation of moments acting on the moving platform. Moreover, f 1,i and f 2,i denote the forces exerted by the ith limb on the moving platform ͑see Fig. 4͒ , and F e and M e denote the external wrench components exerted on the moving platform, where F e represents the forces and M e represents the torques. Note that each limb is connected to the moving platform by a spherical joint; hence, no torque can be transferred by the limb to the moving platform. Writing Eqs. ͑6͒ and ͑7͒ in the matrix form yields
As expected, both Jacobian matrices in Eqs. ͑5͒ and ͑8͒ are similar. Also, as in Eq. ͑5͒, one can note that all columns are zero pitch wrenches, meaning pure forces acting on the moving platform.
Singularity Analysis of the Mechanism
In this section, we will present and analyze several singular configurations of the manipulator based on the analysis of the Jacobian matrix given in Eq. ͑5͒ or Eq. ͑8͒. For singularity analysis, we use line geometry tools as given in Ref. ͓18͔. We also implement the linear complex approximation algorithm given in Ref. ͓17͔ . The following are three representative examples of different singular configurations ͑out of many͒ of the manipulator. In Fig. 5͑a͒ , we provided a 3D visualization and a cut section of the singularity map of the manipulator. The singularity map is colorcoded to reflect the condition number values of the Jacobian matrix. The darker color ͑red͒ denotes lower values of the condition number or closeness to singularity. The singularity map was calculated as follows: The dimensions of the manipulator components were chosen to be consistent with Ref. ͓13͔, i.e., R b =R p =5 ͑length units͒, for all link lengths l 1 = l2 = 5. We define a cylindrical grid ͑we use cylindrical coordinates͒ surrounding the robot structure with a radius changing from 0 to 3 times the radius of the base circle and a height from zero to the extended length of the two links. In our example, the radius changes from 0 to 15 with an increment of 0.5, the angle from 0 to 360 deg with a 5 deg increment, and a height from 0 to 10 with an increment of 0.5. The inverse kinematics solution is then computed for each point along the grid. Where the inverse kinematics solution exists, we calculate the Jacobian matrix and its condition number. The others are singular configurations.
6.1 Case 1: Linear Complex. For this configuration, the manipulator is in a singular configuration ͑Fig. 6͒-the Jacobian matrix rank is 5. The mechanism configuration is given in Fig. 7 . Observing the eigenvalues of the Gramian matrix ͓17͔ of the manipulator reveals that one of the six is zero. The corresponding eigenvector ͑denoted as A͒, which represents the instantaneous twist deformation ͑screw͒ of the manipulator for the specific configuration, is as follows: A = ͓0.79 0 0.6 0 0.5 0 ͔ The corresponding pitch value of A is zero, meaning that the manipulator gains a single uncontrollable pure rotational degree of freedom with respect to A.
This singular configuration and its corresponding instantaneous motion can be better understood when observing Fig. 7 . The blue ring denotes the base platform of the manipulator, while the blue triangle denotes the moving platform. Note that the red lines represent the manipulator's limbs, which are connected by joints ͑presented as red spheres͒ to the upper spherical joints marked as S 1 , S 2 , S 3 . Also plotted are the lines of action of the Jacobian matrix ͑its columns͒, also known as the governing lines of the mechanism, in black and pink. Finally, the axis of A is plotted in green ͑denoted as Lc 1 ͒. One can see that all governing lines of the mechanism intersect this axis, meaning that it is the linear complex ͓18͔ of the set of governing lines of the manipulator. From a mechanical point of view, it is evident that all the actuating screws ͑which are pure forces͒ of the mechanism intersect a single line. Therefore, these forces cannot generate a torque with respect to this line, meaning that instantaneously, while in this singular configuration, the mechanism gains an extra rotational uncontrolled degree of freedom-a zero pitch screw has been obtained.
Case 2: Hyperbolic
Congruence. This singular configuration is more complicated than the former ͑Jacobian rank is 4͒. Note in Fig. 8 In observing Fig. 9 , one can see that all governing lines of the mechanism ͑in black and pink͒ intersect two linear complex lines: Lc 1 and Lc 2 , in green. These lines set a hyperbolic congruence of lines ͓18͔. From a mechanical point of view, it is evident that all the actuating wrenches ͑which are pure forces͒ applied by the mechanism intersect the two lines. Therefore, these wrenches cannot generate a torque with respect to these lines, meaning that instantaneously, while in this singular configuration, the mechanism gains two extra rotational uncontrolled degrees of freedomrepresented by the two zero pitch screws obtained. And again, as in previous cases, the corresponding pitch values of the three are zero, meaning that the manipulator gains three uncontrollable pure rotational degrees of freedom. In observing Fig. 11 , one can see that all governing lines of the mechanism intersect three linear complex lines ͑Lc 1,2,3 , in green͒ that set a plane of lines ͓18͔. From a mechanical point of view, it is evident that all the actuating wrenches ͑which are pure forces͒ applied by the mechanism intersect the three lines. Therefore, these forces cannot generate a torque with respect to these lines, meaning that instantaneously, while in this singular configuration, the mechanism gains three extra rotational uncontrolled degrees of freedom-represented by the three zero pitch screws obtained.
As in many parallel manipulators, more singular configurations exist. We have demonstrated three representatives. One needs to systematically scan all the cases identified in Fig. 5 . Identifying these singular configurations and the nature of the motion of the mechanism is crucial for motion planning and uncontrollable assembly mode-changing avoidance ͓19͔.
Nonsingular Workspace
The volumetric representation of the condition number of the Jacobian matrix is shown in Fig. 12 , with the red being low values and the blue being high values of the Jacobian condition number. The red area then represents the singular space of the manipulator. The blue is the reachable nonsingular workspace.
To better visualize the nonsingular workspace, we added alpha transparency to the condition number map, where alpha equals the inverse of the Jacobian condition number with values between 0 and 1. The resulting nonsingular workspace is shown in Fig. 13 . 
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The singular workspace is transparent. As can be detected, the reachable workspace is much larger than the base ring dimension.
Conclusion
In this paper, we present the kinematics of a new structure of a 6DOF parallel manipulator 3RRRS with a large workspace. The inverse and forward kinematics solutions of the mechanism are also presented. The structure of the proposed manipulators results in relatively simple inverse and closed direct kinematics solutions. Six motors actuate the mechanism. All motors actuate the lower joints in each limb, resulting in a lightweight moving plate and mechanism.
The screw theory was used to calculate the Jacobian matrix of the mechanism. Then, the 3D singularity map of the mechanism was generated. Three representative singular cases were selected and analyzed using the linear complex approximation method and line geometry.
It was shown that the workspace of the proposed 3RRRS manipulator is significantly larger than the mechanism, by as much as three times, than the workspaces of similar and well-known structures, such as Eclipse, Alizade, Delta, and Hexa robots ͓13͔. Large workspaces for parallel robots have to come on account of something else. Intuitively, such a structure has less stiffness than other parallel robots having prismatic joints. Future work will include stiffness analysis of the RRRS manipulator. 
